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Transcendence properties of certain quantities over the

quotient field ofin[x]

by

J.M. Geijsel

ABSTRACT

In this report the result of I. Wade:
"the zeros of the Carlitz-y-function and the values y(a), where o # O,
a algebraic over E&[x], are transcendental over Eé[x]",
is generalized to a larger class of functions. The proof uses a combinator-
ial lemma and Schneider's method.

As a special case we have the result:
"The zeros of the Carlitz-Besselfunctions Jn(t) are transcendental over
Fq[x]and at least one of the two values Jn(a), Jn(xa) - xJn(a) for o # O,

o algebraic, is transcendental over ]qux]."
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1. NOTATION AND HISTORICAL INTRODUCTION
g
Let ]ﬂq be a finite field with g = p (p prime) elements. We denote
by qu [x] the ring of polynomials with coefficients in ]Fq and by ]F‘q{x}
its quotientfield.
For 0 # E ¢ Iﬁq[x] we define the (logarithmic) valuation

dgE degree of E

and

It
|
8

dg0 .

For Q € ]Fq{x} where Q =

|t

with E,F ¢ IFq [x] and F # 0 we define
dgQ = dgE - dgF.

The completion of ]E‘q {x} with respect to this valuation is denoted
by F.

The valuation on F can be extended to the algebraic closure of F and
the completion of this algebraic closure is denoted by ®. The valuation of

¢ also will be denoted by dg.

1.1. DEFINITION

k-1 3§ 1
FO=1;Fk—H(xq—xq),k>0; F, =0, k<0.
j=0
k |
L =1; 5L = T (x%-x), k> 0.
0 x .
j=1
£ oo qk
k
pee) = ] -nFE—



The function ¥(t) was introduced in a paper of L. CARLITZ [1], where
he showed, among other things, the following: The function P(t) has zero's
in the points Ef, with E sZFq[x] and where

qk

a.,q-1
£ = lim XX :) .
koo k

These are the only zero's of Y(t).

Remark that dg§ = E%Ta

In 1941 L.I. WADE [8] proved the transcendency over Mﬂl{x} of the quan-

tities
(1) 3
(ii)  y(a) for a # 0, o algebraic over ]ﬂq{x}
k
(iid) Z ¢ S where c_€ F , c, # 0 for infinitely many k, and where
k F k a k
k=0 k
Ee F_[x].
q

In this paper we prove the following results:

(Al) Let n # 0 be a zero of the function

f(t) =

I ~1 8
Q

-

|

k=0

where ck € ]iz and ck # 0 for infinitely many k, then n is transcen-

dental over Bﬁlfx}.
(A2) Let n # 0 be a zero of the {(Carlitz-Bessel) function
n+k

J(t) = ) (1) =—— ., ne&
n n
k=0 P Fq

n+k k
then n is transcendental overIFq{x}.

(B) Suppose a € ¢, o # 0, o algebraic over nal{x} and let

£(t) =

C 7

k Fk

lho~18

k=0

where ck € EEI and there exists a ¢ ¢ ]il' c # 0 such that

C = C.C

Kl k=0,1,2,.0.,

kl



then f(a) is transcendental over 121{X}'
(C) Suppose a € &, o # 0, o algebraic over ]Fq{x} and let
n+k

© q
k t
Jn(t) = Z (-1) —F¢ ' e A

k=0 q
Fn+ka

then at least one of the elements {Jn(a),AJn(a)}, where

AT (a) = J (xa) - xJ_(a), is transcendental over T {x}.
n n n q

The proofs of the results B and C use a refinement of the methods in
[9] and in [5] and the results Al respectively A2. These results will be
proved in §4 and §5.

2. THE ZEROS OF y(t), f(t) AND Jn(t).

The field ¢ is complete with respect to the discrete valuation dg. We
use Newton's method to determine the size of the roots of a polynomial over

d. (See [10]).

2 n X
Let g(x) = a,ta,t+a,t +,..+ant be a polynomial over & and assume

0 1 2
ao,an # 0.

In the two dimensional Euclidean space we associate a polygon with
the polynomial g as follows:

if a; # 0 take the point (i,-dgai),

if a, = 0 then dgai = —~» and no point of the space belongs to a, -

The lower convex envelope of the set of noints {(i,—dgai) I i=0,1,...,n}
is called the Newton polygon of g (with respect to dg).

n o
2.1. LEMMA. Let g(t) = ao+a1t+..®+ant with a,

¢. Suppose that (r,-dga ) <> (s,-dga ) with s > r 18 any segment of the

a #0 be a polynomial over

Newton polygon of .g and its slope is m. Then g has exactly s-r roots B e ©
with dgf = m.

Let dga_-dga,
; 0 i
R1 := min ——'——l—'——‘-
i>0
. X dgao—dgai
i, = max {i | ————= =R}
1 i 1

~

and inductively if the set {i | i < i < n} Zs not empty,

k-1



dga, ~-dga,
- 14 i
= min i"'i ’
1>1k_1 k-1
dgaik_l—dgai
i, := max {i | e = Rk}.
k i-i, 4

R

Then g has exactly i, zeros B with dgR greeeriymi, _, zeros B with

dgB = R, . Furthermore R1<R2<...<Rk.

PROOF. We recall the proof of WEISS [10], prop. 3-1-1, in our notation.

We may suppose that a0 = 1. Let 81,...,Bn € ¢ be the zeros of g, ordered
in such a way that
ng1 = L.l = ngs1 = m,
ngs w1 = e T ngS =m,
1 2
ngsi+1 = .. = ngn =my with m1<m2<...<mi+1,

-1 -1
Using the symmetric polynomials in the roots Bl '”'°'Bn of

t ...+ .
a, an—lt +an we get:

dgao =dgl =0
v -1
dga1 = dg 2 Bi < max (—ngi) = -m,
i=1 1<i<n
n
-1 -1
dga2 = dg X Bi B.” £ max (—ngiB.) = -2m1
i,3=1 J 1<i,j<n ]
. i#3 i#3
-1 -1 -1 . .
dga = dg z B. B. ...B. = -g,m,, Since this elementary
51 i #5. 9132 g 1
k-1 1
-1 - -1
symmetric function has exactly one maximal term Bllszluigss
1
< - -
dgas1+1 < slm1 .m2
dgas = ~s1m1 - (s2—sl)m2,

2



and this process is continued in the obviocus way.

Now we can form the Newto:n polygon of g, which consists of the seg-

ments:

(0,0) <> (35,,s,m,)

1711
(slrs m, ) <> (s 1m1+(s sl)m2)

*

s, ,slm1+(s sl)m2+...+(si—sl )m ) <> (n, slm1+(s sl)m2+...

e ot(n- si)mi+1).

The slopes of the segments are respectively

s1m1—0 . slm1+(s2--s1)m2—slm1 . -
s,=0 1’ 558, a2 TS
From the inequalities for dgao,...,dgan it follows that
dgao—dgai § . L
T zm, for i = 1,2,...,s1,
dgao---dgai .
— > m, for i = sl+1,...,n
and
dgao—dgas
1 _ n
sy 1
Hence Rl =m and i] =8 which means: g has exactly i] roots B with
dgB = Rl'

It also follows from the inequalities above that

a - - _ .
gail dgai dgasl dgai slm1+(slm1+jm2)
i1 = TTi-s 2 min 5. ¥3-5 =m
1 5 1<j<s. -s 1737%
271
for i = sl+1,,.,,s2
and
dgai -dga
1 > £ i = s,+1
i_i1 m, for i = sy+l,...,n,
while
" dga, ~dga
1 %2 _
s _-i e



Hence R2 = m, and i2 = s, which means: g has exactly iz—i1 roots B with

dgB = R2.

The lemma now follows by proceeding in the obvious way.

REMARK. Since we had ordered the zeros in such a way that m1<m2<...<mi+1

we find R1<R2<...<Ri+1. 0

In his thesis W. SCHOBE [7], II §3 proved the more general result:

. h h+1
2.2. THEOREM. The fumction g(t) = at+a .t

a, #0; h =0 has

(i) a zero of order h in t = 0.

+... with a, € ¢, i=h,h+l,...;

(ii) i,-h zeros B in & with dgB = Ry where

' dgah--dgai
R, = min ————— ,

. i-h
i>h
if this minimum exists,

and

. . dgah--dgai

11 = max{i l ——“E:H——— = Rl}'
i>h

if this maximum exists.

(iii) ik--ik_1 zeros B in ¢ with dgB = R, (k22) where,
dga, —-dga,
: k-1t
R = min i1
i>ik_1 k-1

if this minimum exists

and
dgaik_l--dgai
{i|

i-i = R

k-1

b " o
k-1

if this maximum exists.
These are the only zeros of g.

Our proof of theorem 2.2 will be based on several lemmas.

-

dga,

2.3. LEMMA. Let g be defined as in lemma 2.2. Let R = - lim sup il be
— o0

the radius of convergence of g. If R as defined in lemma 2.2 exists,



then Rk < R.

PROOF. Let € > 0 be arbitrarily small. Since R is the radius of convergence

of g for infinitely many i we have

dga,

T > =R-g.
i

From the existerice of Rk it follows that for all i > J'.k__1

dgaik l-dgai
R < = .
1

gt

We now have that for infinitely many i > ik 1

dga, i(R+e)
k-1
R =l
1 1=-1.

k-1 k-1

dga

ik-l i(R+e)
Since lim ————— = 0 and lim %—T—E—-= R + £ we get

im0 k-1 ivo T

Rk S R+ e,

Since £ can be chosen arbitrarily small it follows that
R < R. ]

2.4. LEMMA. Let g be defined as in lemma 2.2. If R exists and either
R <Ror g(t) converges for a certain t with dgt = R, then there exists

an index ik such that

dgaik_l—dgai
Y > , 1> 1
i lk—l Rk k

and

dgai —dgai




where
dga, —dga,v
1x-1 “x
1T k-1

=i lk.

If k = 1 we must read h instead of ieq-

PROOF. Suppose R1 exists. Since R1 < R according to lemma 2.3 we have:

VN ¢ N Eio € N such that
+ i < =N, i > i
dgai idgt , i 10,

for those t with dgt < R, for which g converges. (*)

1
Now choose N such that

dgah + hR1 > -N

(this is possible since ay # 0 and R1 € R). Suppose there exists a mono-

tonically increasing sequence (ij);.o=1 such that

dgay, ~dga,
J_ s o . . .
ih R1 for j 1,2,... (i.e. 11 does not exist),
J
then
+ = i j = ee o
dgah th dgai. + 1jR1 for j 1,2,.
J
Hence if ij > io it follows from (*) that if we take a t with dgt = R1 for
which g converges then
+ < -N.
dgah th N
This is in contradiction with the choice of N.
For k > 1 the proof is the same. (Note that a. #0). 0O
k-1
REMARK .
(i) First we note that if there exists a t € & with dgt = R, for which g

1
cenverges then g converges for every t with dgt = Rl.
(ii) If Rk = R and g(t) does not converge for any t with dgt = R then we



want to know if g(t) can have any zeros # 0 with Rk—l < dgt < Rk. We

shall prove that g(t) # 0 for all t # 0 with Rk_1 < dgt < Rk.

It is sufficient to consider the case k = 1; then R1 = R and
g(t) does not converge for any t with dgt = R. Suppose g(u) = 0, u # 0
and dgu < R. For all n the polynomial Pn(t) = a +a1.t+...+antn has no

0

zeros B with dgB < R. Now let N be such that dga, > -N, then choose n

0
such that dg(g(t)—Pn(t)) < =N for all t with dgt < dgu(<R). Then

dg(Pn(u)) = dg(g(u)-—Pn(u)) < -N. (%)

On the other hand

dgaO > dgai + idgu for all i 2 O
and

dgao > dgai + idgu for all i > O,
therefore

= +3 =
ngn(u) max(dgai idgu) dgao,
which contradicts (x).
Conclusion: If R, = R and g(t) does not converge for any t with

1
dgt = R then g(t) has no zeros except possibly O.

qj

o t
EXAMPLE. A(t) := Zj=0 I is the inverse of Y(t). (See [1] th. 7.1).
J
Now R1 = R = E%T~and i1 does not exist. Furthermore A(t) does not converge
for all t with dgt = E%Tu Hence XA has no zeros B with dgB < qgl except

g = 0.

2.5. LEMMA. Suppose g(t) = a_+a,t+... has radius of convergence R > =

01
and suppose R (g) = R, exists. If ty 18 a zero of g with dgt, = R, then
there exists a k ¢ Nu {0} such that h (t) = —98) 445 g zero in t,
- q
for « = 0,1,2,... %1 while h_(t ) # 0. (e=ty)

k
PROOF. Choose k ¢ WU {0} such that q > il° The function

#

By (£) = —g®) by + byt + b2t2 + o

-+ 9
(t to)



10

: . k ;
has radius of convergence R. Since q > i, we have

(1) dgav + le < dgao, for v > il'
Especially
dga + kR < dga
q
But
qk
3y = Doty -
hence
(2) dgb_ = d - kR
g = 9985 T Ry -
Furthermore
qk
ak=b0—bkt0 ’
q qd

and therefore

k
<
dgb X + q R1 < max{dga k,dgbo).

q

According to (1) and (2) we get

ko o
(3) dgbqk + g R, = dgbo.

1

From the definition of hk(t) it follows that hk has no zeros in

{t | agt < Rl}c Therefore, if Rl(hk) does exist then

dgb ~dgb,
min-—-—-i———— > R1 = Rl(g).
i>0
dgbo—dgb k
However, since ——————%- = R we have Rl(hk) = Rle

k 1
q

Furthermore we have



11

and therefore

dgb + qu < max(dga dgb )
k 1 k k
2q 2q
or
k k k '
dgb + 2qg R, § max(dga ,+q R,,dgb _+q R,).
k 1 k 1 k 1
2q 2q q

Using (1), (2) and (3) we find

ko =
dgb " + 2 R, = dgbo.

2g9 1

By proceeding in the obvious way we find

dgb Xk + nqu = dgb forn=1,2,... .

ng

1 0

Hence il(hk) does not exist, which contradicts lemma 2.4. []
2.6. LEMMA. If R, does not exist then g converges for t = 0 only.

PROOF. Suppose R, does not exist, i.e. there exists a sequence (ai ) such

1 .
that J

W e N 3j, = j,(N) such that for j > j,

dga —dgai.

0
- < -N.
1,
J
Suppose g converges at the point t, then

VN ¢ N 310 = 10(N) such that for i > 10

dgai + idgt < -N.

* %
Now choose N € IN then there exists j > jo,i0 such that for j > 3 ,

+ ijdgt < -N - dga

0

Nlj + ljdgt < dgai - dga 0

J
or

~N(i, +1)
dgt < -——3?————— dga

)
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Hence
-N(i,+1)
dgt £ 1lim -——El——— - dga0 = -N - dgao.
Jee 3
Since N was chosen arbitrarily it follows that dgt = -», which means
t=0. 0

2.7. LEMMA. Suppose R, exists and g(t) converges for all t with dgt = R, .

Then g(t) has at least one zero # 0 with dgt < R, -
PROOF. We may suppose that h = 0, then

2
g(t) = a, + alt + a2t + oo

Suppose g(t) has no zeros t with dgt < Rl' Then
ENO € W such that for all t with dgt < R1
dg g(t) > -N (*).

0
Since g(t) converges for all t with dgt < R, we have

(a) VN e W Hio € N such that for i > iy(N) and dgt < Ry
dgai + idgt < -N

(b) according to lemma 2.4 i1 does exist.

Now choose N > NO and n > max(io,il) then

' dgao—dgai
min ————— = R1.
0<isn *
We write
g(t) = a, + alt + i.. + antn + g*(t).
Then

dg g(t) < max(dg(ao+a1t+,..+antn),dg g*(t))

and for all t with dgt < R

£

1
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dg g*(t) < max(dgai+idgt) < -N.
i>n

According to lemma 2.1

n
= + + ... +
PN(t) a0 a1t ant

has exactly i, zeros B with dgB = R

1 1°

Let B be a zero of PN(t) with dgB = R then

1l

dg g(B) = dg g" (B) < -N < -N,.

This contradicts (=*).

Since g(0) = a, # 0 it follows that g(t) has at least one zero # O
in {t | agt < R;}. O

2.8. LEMMA. Suppose R, exists and g(t) converges for all t with dgt = R, .
Then g(t) has exactly il_h zeros B with dgB = R, -

PROOF. Again we may suppose that h = 0.

n
= + eoa e
g(t) a0 alt + + ant +

(¢) First we prove that g{(t) has at most i, different zeros B with dgB = R

1 1°

For all t with dgt < R1 we have

VN ¢ N 3i, € N such that for i > i,

dgai + idgt < -N.

According to lemma 2.4 i1 does exist.

Choose n > max(io,il) and define

n
= + + ...
PN(t) aO alt ant v

glt) = B (t) + g (t).

According to lemma 2.1 PN(t) has exactly 11 zZeros BNI""'B such that

Ni
ngNj = Rl' j = 1,...,11“ Let BNl""’BNi* be all the different ones among

1
*

them. Note that 1 < i1 < il°

i n
PN(t) = a nl (t-8...) m (1 ——E—-),

j=1 N3 v=i +l Brv
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where
i
1
(-1) a,
as= n .
1
m- 8. .
=t
Remark that dga = dga0 - ilRl and that a does not depend on N. Furthermore,
=i, +1,...,n.
ngNv > R1 for v 11 1, N
For dgt S,R1 we then have:
iy v1
dgP, (t) = dga + dg .ﬂ (t-BNj) = dgay - 1,R, + _Z dg(t—BNj),
j=1 j=1
or
il
.Z dg(t—BNj) = dgP(t) - dgaj + i,R,. (%)
j=1
Suppose g(t) has more than i: different zeros t with dgt < Rl; say
L % . .
i = > -
tl't2""'tm are m zeros with dgti Rl' where m i Then define
A := min dg(t,~t,).
i#3 J
1£i,j5<m
Let
u,, = {t | dg(t~-t.) < A}.
A4 | age-t,
Then the sets Ukl""'UAm are disjoint.

According to (*) we have

i
21 dg(t

= - + iR, .
& ) ngN(tl) dga i, R

17 By 0 171

Since g(tl) = 0, ngN(tl) < =-N. Hence there exists at least one
g € {1,2,...,i:} such that

-N-dga_+i, R

011
dg(t1 Ble) < il

and furthermore it follows (for N large enough):

t = = -
dg ngle R1

1



Now let N be such that

-N-dga . +i, R

0 11 _ 3
1
Then BNj € Uyye Hence for the zero t, there is at least one zero BNj in

1 1
UAl' and analogously for the zeros tz,...,tm there is at least one zero

B... of PN(t) in U

reoesr YESp. UA . Since the U, ., are disjoint there must
ij 2 m

A A3

be at least m different BNj , which leads to a contradiction.

*
Hence g{t) has at most i1 < i1 different zeros t with dgt = Rl'

(77) Finally we must show that g(t) has exactly i, zeros t with dgt

1

It is obvious from lemma 2.5 that if t0 is a zero of g(t) with dgt

0™ %
then there exists a 4 ¢ IN such that

- g(t)

h, (t) -
1 1
(t-to)

has a zero in t = tO for i=1,...,u~1, but hu(to) # 0; the natural number

U is called the multiplicity of the zero to.
Let T = {81,82,...,Bk} be the set of all zeros of g(t) with ngi = R,
where

and ui is the multiplicity of ti (i=l,...,m) and k = u1+g..+um.
Define
g(t)
h(t) := R
(t 81)(t—62).,.(t—8k)
Since the radius of convergence of g = is also R, by re-
t—81 t~B1

peating this argument we find that h(t) has radius of convergence R.
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Now we write

k v
Q) = ) at
v=0
and
h(e) = ] bt
v=0

Since h(t) has no zeros in {t | dgt < Rl} we have according to (Z):

(a) dgb, > dgb, + iR, for i = 1,2,... .

According to lemma 2.1 we have

dgd -dgd,
k = max{i l ———ilr——ék = R, },
i 1
hence
(b) dgdi + Rll < dgdo = dgdk + le, for i = 0,1,...,k.

Now from g(t) = Q(t).h(t) it follows that

k

a, = ) db, ., i=0,1,...,
I 42 3473

and therefore for each t with dgt = R1 we have:

. k . -
. i J 1-J
<4 = = . <
dga, iR dgait dg( § djt b, jt )

1 120

A

max (dgd.t? + dgb, .t~ J).
0<j<k J =
k
If i > k then the term b0 does not occur in Z djbi—j while it actually

does if 0 < i < k. 3=0

Therefore using (a) and (b) we get if i > k

. , + i < +
dgal iR dgdk + le dgb

1 0



A
-
IA
o

and 1if O

i <
dgai + 1R1 < dgdk + le + dgbo.

Since dk 1 and ao =b B,...B3, it follows that if i > k

071 k
£ i
dgai 1R1 < dga0
and if 0 £ i £k
dgai + 1R1 < dgao,
This means that k = il' 11

Now we can prove theorem 2.2.

(i) Is obvious and (ii) follows from lemma 2.8.

(iii) We may again suppose that h = 0. We prove (iii) in case k = 2; the

17

general case k follows then in the same way inductively from k ~ 1. We use

the method of lemma 2.8.

For all t with dgt < R2 we have

YN ¢ N Sio e IN such that for i > io

dgai + idgt < -N.

Choose n > max(io,iz) and define

n
= + + ...+
P_(t) aO alt ant

and

g(t) =P (£) + g (t).

. L - <<y .
PN(t) has i, zeros BNi' 'BNi such that ngNj R, (155 11) and i, i

1

such that ngNj = R2

1 1

zeros BN,i +1,--«,B

. i< .
. N’iz (11+1_3_12)° Now we write

i i n

t
i P(t) =a M (g ) T° (-8 ) T  (1- ol
j=1 J j=i,+1 J v=i,+1 Nv
where .
)
-1) “ a
a = i o
2

m B .

N

Note that dga = dga, - i,R, - (i

0 1R —11)R2, that a does not depend on N and

2

1
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that ngNV > R2 for v=12+1,...,n¢

Fox R1 < dgt < R2 we have
i2
) dg(t-By,) = &g (t) - dgag + LRy + (1,75)R) = LR, (%)
=i, +1
1
Let PN(t) have p different zeros B with dgB = R2 (pSiz—il) and let
g(t) have the different zeros tl"'"'tm with R1 < dgti < R2. Define
A = min dg(t,-t.)
: s 1
i#j J
1<i,9<m

and the disjoint sets

Uy =t lagee) <23 5 =1,..m

From (%) it follows that for i = 1,...,m there exists at least one
J; € {1,2,...,p} such that

-N—dgao+11R1+(12—211)R2

dg(ti—BNj ) <

i ~i
i 271
Now choose N such that
—N—dga0+1 R1+(12—211)R2

1
i

— < max(A,R.)
2™ 2

then BNji € UAi’ i=1,...,mand dgti = ngNji = R2.

From the box principle of DIRICHLET we conclude that m < 0, which proves
R

1t

that g(t) has m < p < 12—i1 different zeros B with dgB o

Now we prove that g(t) has exactly iZ_il zeros B with dgB = RZ'

Let 81,...,Bi be the zeros of g(t) with ngi = R1 (lsiSil) enumerated ac-
1

cording to their multiplicities. Let Bi +1""'6k be the zeros tll...,tm of

g(t) enumerated according to their multiplicities where

m
k = Z multiplicity of tv'
v=1
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Define
h(t) g(t)
(t-B.)
i=1 +
k k v
Q(t) = M (t-B,) = ) dt
i v
i=1 v=0
[eed
h(t) = ] bt
v
v=0
h(t) has no zeros in {t | dgt < R2} and therefore
(a) dgb0 > dgbi + iR2 for i = 1,2,... .
According to lemma 2.1 we have
dgdil—dgdi
k = max {i | — = R,}
.o i-i 2
i>i 1
1
and
_ - dgdo--dgdi
i, = max i | ———-= Rl};
i>0 *

hence we get for i = il+1"°"’k

i < i =
dgdi + 1R2 < dgdi1 + 11R2 dgdk + kR2

and for i1 = 0,1,..°,i1 we get

dgdi + iR2 = dgdi + iR1 + i(RZ—Rl) =
< dgdO + i(R2~R1) = dgdil + iR2 + (il--i)R1
< dgdi1 % iR2 + (il—i)R2 = dgdk + kRZ'
Now we have proved the relation
(b) dgdi + iR2 < dgdk + kR2 for i = 0,1,...,k.

Hence for all t with dgt = R2 we have

. dga, + iR, < max (dgd_t3+dgbi_.tl'3).
0<j<k ]
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For i > k we get using {(a) and (b) that

dgai + iR2 < dgdk + kR2 + dgbo.
Since dk = 1 and ao = bOBI"'Bilsil+1"'Bk this means
dgai + iR, < kR2 + dga0 - iR - (k-ll)R2
= kR.2 + dgai1 - (k—11)R2 = dgai1 + 11R2.

Analogously for i1 £ 1 £ k we get using (b) that

+ iR
dgai i

< + i .
5 dgai i, R

1 172

From the definition of 12 it follows now that k = i2, which proves our

theorem. [J

2.9. SPECIAL CASES

a) The function
Ple) = §  (-1)" —

converges for all t € ¢ and Y (t) has a zero of order 1 in t = 0.

O—dgai k k
R1 = min *E:T——'= min (—%T PR —iL— yooes) = _%T R
i>1 i>1 9 g -1 k!
. 9y g
i, = max {i T = —:IJ = q.
i>1 k!
Hence {(t) has g-1 zeros 8 with dgB = EET-, namely
P(cE) =0
for ¢ ¢ Biq\{O} and
8 = =-2__ 1
dgcg dg& o1 1+ o1 °
For k¥ = 2 we have
~k-1) g t-dga k-1 k
R = min ( d gi)=-(k-—1)q thg” . 1
‘ et 1gi gt g-1
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and
i = k
x -
: k k-1 . 1
The function Y(t) has g - g zeros B with dgB = k + a:T-, namely
P(EE) = 0 (see §1) and the number of different polynomials over ]ﬁq

of degree k-1 is qk - qk-l.

b) In an analogous way it follows that the function

£(t) = ) ¢ —— withc e F_, c_# 0 for k = 0,1,...
k=0 k Fk k q k

has:

a zero of order 1 in t = 0,

g-1 zeros B with dgB = E%T ,
qk_qk"'1 zeros B with dgB = k + E%T"
¢) The function
n+r
Jn(t) = z (_1)1' T ne N U {0}
r=0 F s
nir r

n . +k+1  ntk
has a zero of order ¢ in t = 0 and qn -q

_ 2g
dgB n + 2k + o1 -

zeros B with

Remark: the function Jn(t) was introduced by L. CARLITZ in 1960; see [21.

3. THE TRANSCENDENCY OF THE ZEROS OF {(t), £(t) AND Jn(t)
3.1. THEOREM. Let n # O be a zero of the function

£(t) =
J

c, — ,

I ~18
|

with cy € JFq and °y #0 for 5y =0,1,2,... . Then n <s trancendental over
F {x}. '
q

For the proof of this theorem we use several lemmas.

[
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3.2. LEMMA. Let n, Kyreoork s B be non-negative integers. If

k k
q Lo g ;:qB + qB-l + ... + qB—n+1
and
> > >
k1 > k2 2 eee 2 kn
then
.FF ool
o~ g a1 Fgnt1
F P
k1 k2...Fk
n

8 a polynomial.
PROOF. See [8], lemma 5.2. [

3.3. LEMMA. A symmetric polynomial in the roots of a monic polynomial with

coefficients in E&[x] s itself an element of:Fq[x].
PROOF. For instance see [6]. [J

3.4. LEMMA. The equation

k k k
1 2 i
qa +q9°+ ...4+qg = qB

with B a non-negative integer, has a solution kyiKyreeosk, € B with
kp 2k, 2 ..002 k, 20 if and only <if
i=q"+ rg1),

where

O fu<2pB; Xe {0,1,---:qu‘1}-

It

If X = 0 then the only possible solution is k,

k
If X > 0 then for every solution ky =k, = ... =k b= B - u.
q -1

il

PROOF. Suppose i = qu + A(g-1) for a certain u ¢ {0,1,...,R8} and
A e {0,1,...,min(qu—1,8—u)} and suppose kl""’ki € & such that

k1 2 .. 2 ki 2 0, satisfying



k, =k, = ... = k =k = B -y
1 2 qu—2 qu—l
k =k = ... = k = B~u-1
qu qu+1 qu+q—2
k " = ,.. =k u = B -u~2
q +q-1 q +2(g-1)-1
ku . =-.a=ku =6—‘u_)\
q +(A-1) (g-1) q +A{(g-1)-1
k " =8 - u - A
q +A(g-1)
then
k k k
i - -u-1
o 1y q 2 + ...+ g = (qu-—l)qB oy (q-—l)qB L
—~1=A+1 -1
oo # (@D g PR S Rl
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Now let i be an arbitrary natural number. Then there exist non-nega-

tive integers @ and A € {0,1,.,.,qu—1} such that
U . M
(1) g + A(g-1) £ i <qg + (A+1)(g-1)

Furthermore we supposekthat there exist a solution kl"”'ki € 2,

0 of g 1+...+q = qB. Then

> > >
k1 Z ... 02 ki 2
k k k k k,+u+l
1 i 1 1 1
=g ltgtcig < g O+ (g-1)) < g ,
which gives ®
k1 =z B - 1.
k1 k, 8
On the other hand it follows from q +...+g = g that
< -
k1 £ 8B 1.
Now write k1 = f - j for a certain j € & with 1 £ j £ u. Then
k k
1 . . s 1 s
g Metg b s (PP (@ g
+ qu—J_t_l,

where

4
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qJ -1+ t{g-1) + v =1,
0<v<=gqg,

B~-3-t-120.

If 0 < v < g, then

k k

. -t St
q 1+=--+q T qB - qB 375 4 (q-l)qB It R,
kg ki 8
which contradicts q "+...+q = gq , and therefore v = q. This means
(2) i=q) + (t+1) (g-1).

Combining (1) and (2) we find
u 3 - u -
a + AMg-1) £ g” + (t+1) (g-1) < g" + (A+1) (g-1)

and hence if 1 £ j < u:

3 (VR
9. -9 _ 1 <t - ) < qa-9.
q-1 g-1

At 4+ 1 <)+ 1.

H__J
Therefore if j = pwe findt = A - 1, If 1 < j < u we remark that g&:%“
is a positive integer. Since t, A are (non-negative) integers the only

possible value for t is
u__J
t=2x-1+3L9
g-1
and therefore

. p_J
i=q + (A+ 3:;%;9(q-1) = q" + A(g-1).
k1 ki 8
Hence a solution of q "+...+q = q with k1 2 ... 2 ki 2 0 is only pos-
sible if
i=q" + A(g-1)

for some non-negative integer u and A ¢ {O,l,...,qu—l}. if ki, <B -,
then
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k k
i —u- -u-1
g Ye..iq F< i 2 (e <
-u-1
< (qu+qu(q~1))qB o qB:
k1 k. 8
which contradicts g +...+g = q . Hence k1 = B -~ y. Since we want to
have k1 2 0 we must have Yy < B. Hence a solution of
k k k
1 . 2 i
(3) al4q’+..+qt=4

in integers k ,...,ki with k, 2k, 2 ... 2k, 2 0 is possible if and only if

1

(4) i=q"+ A(g-1),

A

where 0 < u B and 0 £ A < qu—l are integers.

Iet i, 2 1 be the smallest index such that

0
k1 = k2 = L.l = ki =8 -u
0
and
k, g -u-1.
+1
o
Then
q ! + ... + g e ioq + q 0 + ... + g
and
. _B-u c iy o< B s BH iy Bl
(5) i,a + (i 10) <q = qu + (i 1O)q .
From the left inequality of (5) it follows that
and therefore
. i3
< .
.‘LO q
If i < g - 1 then 1 < i, s g" - 2 and then it follows from the right

inequality of (5) that
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- -u-1

qB < (q”-2)q6 Moy (q“+A(q—1)-1)qB =t e
- - 2

< qB -ZqB My (q“-l)qB < qB + qB(l -
q
Since 1 < iO < qu ~ 2 it follows that u 2 1 and hence qu 2 q 2 2 which means
2
@ <df+fu-L < qf

g

Hence from (5) it follows that

' -1« iy<q.

If A = 0 then suppose iO =g -1, then

i - ~u=1
=g Mgt s (P 4 (i—io)q6 [
- -u~1
- qB - qB uo qB u-1 qB;
contradiction. Hence, if X = 0 then i0 = qu.
If1 < A < qu =~ 1 then suppose id = qu, then
k k
1 i - .
=g gt PN - (i-ig).1 =

qB + (qu+l(q-1)—qu)

v

qg +qg-1>qg;

contradiction. Hence, if X > 0, then iO = q]J - 1.

This proves our lemma. [J

3.5. LEMMA. The equation

k k k,
(1) q 1 + g 2 + ... + @ e qB
with B a non-negative integer has a solution k1'k2""'ki € Z with

ki 2k, 2 ... 02 k; 20 if and only if

u u u
i=gq 0 + g 1 + ... + g £ - r
2, 2 1 and Hog + My + ..o 4 M < B if’r > 0 and
B 2= o 20Zf r=0.

For this i the only possible solution is given by
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[ =B -n
= = ,.. =k = -
kg =Xk My 0
g -1
K = e =k =8 -y -1y
u uo H
0 .
q g +q -2 .
Yo :
. =.,.=k =8 - U, - H cee™ M
k u, M u Uy M M 0 1 r
0, "1 r-1 6, "1 T (r+1)
qg +q +...+qg -r+i qg +g +...+q (x+
k y y =g - Mg = Wy =eeem M.
o M1 Hy
g +g +...tq -X

PROOF. According to lemma 3.4 the equation (1) is solvable if and only if
i= qu + A(g-1)
for a u € [0,8B] and 0 < X < qu - 1.

If A = O the lemma is proved with u, = u and r = 0 by lemma 3.4.

Now suppose A # O. Define

k k
1 i
e} + ..o + g = qB
where
K, & s0e = = - R
1 k b B Hy
0
q -t
Hence
‘
ug k, B-u
(2) q T4 .+ q o q 0.

According to lemma 3.4 equation (2) is solvable if and only if

Y
i-g 0 +1=q 1 + Al(q—l)

u
1
for a u, € {0,1,...,B8-p.} and A, € {0,1,...,9 -1}, which means since
g 0 1

Ho
i=q " + Ag-1) that
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If Wy = 0, then A = A, < g - 1 =0, in contradiction with our assumption

that A # 0. Hence My > 1.

[y

If 11 = 0 then the process is ended and

where 1 < ul and since “1 is a non-negative integer for which

Hy Mg Hgtl
g =1+ 2A(g-1) <1 +q (g-1) £ q
it follows that u1 < uo. Furthermore
k1 = ... =k " = B - uo
0
g -1
and
k = ,.. =k = - - .
g Mg Wy B o 7 ¥y
q q +q -1

if Al # 0 we proceed in an analogous way. u

<q j+1

\ < _ _ _ _ < _ ,
Since uj+1 < B uo u1 oo uj and 0 € ) 1 this

j+1
process must end after a finite number of steps. []

3.6. LEMMA. Let k, 2 ... 2 k_ 2 0 be integers such that

then there exists an itnteger i with 1 < i < n such that

kl k2 ki v
q + q T ... + g = g .

PROOF. See WADE [8], lemma 5.10. [J

Now we are able to prove theorem 3.1.

PROCF . j
-—-———-—ﬁ o0
£e) = e B
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with cj € ]Fq ’ cj # 0 for j = 0,1,2,... .
Let n # 0 be a zero of £(t). According to Corollary 2.9

= -9
dgn q-l + A,

where A is some non-negative integer. e

Suppose n is algebraic. Then there exists an e ¢ W such that nq =0

is separable. Let m be the degree of the minimal-polynomial for ao.

m Zo-1  m-1 B9
P(t) =t + t + ... + == with A,,B, ¢ F _[x].
B i i q
m-1 0
P(a) = 0.
dgAO—ngO aO
Since a is separable, dga = - » Which will be denoted by -t Hence

a, = mqe(E%I-+ ). Let Oy = OplpyeeesO be the algebraic conjugated elements
a
of a; then dgai = jg-for i=1,...,m. There exists a unique s ¢ N such
that
qs-l << qs°
e s
; . A9 ,gq -m
Now multiply P(t) with the factor (t-x ) , then

A e s—m
0(t) = P(t) (t-x )9

is a polynomial over Eé{x} of degree n = qS whose roots are

e
o_; o = =q = qu
Oproces® i O, “es 0 .
Furthermore
E
ot) =t + Dn'1 e 59-,
n-1 0
where
EO e
dgﬁa = dg(al”“’an) = dg(ulag..am) + (n-m)Aq =
- €, a _ e_ e q e
mg (q—l + A) + (n-m)Aq mq ) + niAq .
_ . e g e
Note that dg(al.o,.an) mqg "1 + niAgq .

Let B be a natural number, which will be fixed later. Denote by
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and by

Kg += FgFg qeeeFo_ 1y-

Remark that Dui is an algebraic integer.

Since f£(n) = 0 we have

e - qk qe . qk+e - qk
0=fq(n)=(2 cle_) =L g t—==1 %,
=0 k k=0 s k=0 Fd
k k
and therefore
© c k
0= T ( ——E_—a‘ll)=
i=1 =0 4
k
ckl...ckn k1 k2 kn
- IR I TR AR
Z...2k 2 i eoopl
k1_ kn 0 - e (11, 'ln) 1 2 n
k k
1 n
k
kl 2 kn
where the sum is taken over all terms ag ag ...ag which are different.
Now the following product 1 2 n
e B+1 n ) q
0= Kg pd m ( ) —J%- ik>
i=1 “k=0 rd
k
can be written as
e B+l %, % kK *n
Kg Dq z Z ——;;——-—f} Z ag ag ,.eag = 0.
vs k,2...2k 20 q g (i,,000,1) 1 2 n
1 n F* ...F 1 n
k, k k k
v 1 n_ v+1 1 n

q =q +...4+Q q

We split this sum into two parts
I+9=0,

where I is the sum over the terms with V= 8,...,B and Q is the sum over the

other terms. Since
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) (Dot yT (Da, ) ... (Da,
(ill°"lin) 1 2 n

is a symmetric polynomial in the roots of a monic polynomial with coeffi-
cients iniFé[x] the sum itself is an element ofin[x] according to lemma
3.3. Furthermore from lemma 3.2 it follows that '

e

q e
K _ (Fee17 " Faone1\2
e e Fk Fk o5 oF
FE .. .pd 1 %2k,
k x
1 n

is an element of TF [x] for all terms of I, since the maximal term
k X S k k
1 n . 1 n g+1 |
g +...+tg  with k1 = k2 Z .. 2 kn such that q +...+g < g is the
term with k1 = B, k2 =g - 1,...,kn = f - n + 1. Hence I e:Fq[x], which
means either dgI =2 0 or I = 0.

Our aim is to show that for B chosen large enough dgQ < 0. Then it
follows from I + Q@ = 0O that I = O and Q = 0. Furthermore we shall prove
that dgQ > -, hence Q # 0. This will give the desired contradiction.

The proof that dgQ < 0 will be split in several parts. Every term of

Q has the form

e B+l ckl...ckn k1 kn
(1) k2 pd —— Z ag ...a? v
B e e .. . i i
a q (i,se..,1) 1 n
F° ...F 1 n
k k
1 n
k k
+
with k1 2 ... 2 kn = 0, qv <q 1+..@+q n o< qv L and v 2 B + 1.
According to lemma 3.4, since n = qs, there exists exactly one solu-
k k
tion k1 Z ... 2 kn 2 0o0f g +...4g m = qv and this solution is given by
k1 = L., = kn = v - s. Let Nv denote the term of Q where
kl kn v
q +...+q =g (v = B+1,...)

We shall prove

(i) If B is chosen sufficiently large then

dgN - dng <0 for 1 = 1,2,.0.

v+3j

Hence for B chosen sufficiently large we have
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dng - dgNB+1 <0 for v = B+2,... .

(ii) Let N be a term of Q with

1 .
g <g +...+1g < g (v = B+1,...),
then

dgN - dng <0

if B is chosen large enough. And for all N # NB+ in Q we have

1

dgN - dgNB:!_1 < 0.

Proof of (i): Since k1 = ,,, = kn = Vv - S we have
V-5
e B+l ,c n q
N = k2 pd (VS)( ) o o, a )
v 8 e (i iy fpipe.cd / .
2 1'°°""'"n
V-5
e B+1 cv—s n V-5
=1<q Dq (0, 0.0 )q R
8 e 1 n
Fq
V-8

Hence since g # 0 we have Nv # 0 and

e g+1 e V-8 v-s
dgN, = q dgK, + @ dgD - nq (v-slg = +q dgloy...a ),

which yields

B+1 v+e v+e m q

+
(2) dng = qedgKB + g “dgDh - (v-s)g +q (= . ==+ 1)

For v = 8 + 1 we get

B-n+1 B+1

) + gt lagp - (B+1-s) gttt

= oS (aeb -
dgNB+1 = q (Bg +...+(B~n+i)qg +

+g® @ A

< qu(q6+...+q3-n+1) + qB+1+e(—B —1r s+ SR B Gy,
e n  qg-1
. q
= gBte-ntl {B(qn_1+...+q+1) + g (=B -1 +s+‘—il%D + 5::— . ﬁ + A)].

q
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Since

—qn + qn + ... +tg+1 <0
and since

qn(—1+s+&£+ﬂ.—g—+ A)
qe n g-1

is a constant which does not depend on B, there exists a 81 ¢ N such that
(3) dgNB+1 <0 for all B > 81.
Furthermore we have for j 2 1

vt+jt+e v+ij+te

2.4+

(n g-1

]

dgN - dgN\) -(v+j-8)q + q

v+j

+
+ (v—s)qv+e -g B, E%T-+ A) =

n
_. Vijte _ _m a vte _  vtite
ja +(v-s-—. =1 A) (g q
Since
e 9 e e g9 _
v s n g1 Az2B +1 s m " g1 A>0 for B > 62
we have
- < i > N
(4) dng+j dng 0 for j 1 and B8 > 62

Hence from (3) and (4) we conclude (i).

k k
+
Proof of (ii): N is a term such that qv < g 1+...+q n <'qv 1, According

to lemma 3.6 there exists an i ¢ {1,2,...,n-1} such that

According to lemma 3.5 this is only possible if
i=gq and then k, = ... =k, = v -1

or &
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with
> > >
g Z Wy 2 e 2 ) > 1 and uo + My + e.. + ur < v.

r

(iia) First we consider the case that

i = u = = = —
i ‘q and k1 oes ki v U
Then
c .eoC k
e B c i R k v-u i+l
e { V= i+l
N KB Dq eu S Z Z (¢, ...0, )q a? eoally
: a a Gyre.-3) N1 i Ji+1
- Fk ...Fk 1 n
H i+l n
and therefore
4 -
dgN < qedgKS +qf lagp - i (- +
ki+1+e kn+e v=n e, g
- ki+1q - eee = knq + q i.qg (E:T-+ A) +
k k

i+
+q e g ™ qe(&%T_+ A) .

Since Nv # 0 using (2) we get

v+e ki+1+e q
- < - — e - e
dgN dng £ -(v-u)gq +q (q—l + A ki+1) +

e

Ve _q__ _ v+
(q_1 + A) + {(v-s)g +

9 -
cen + @ (q_1 + A kn) + q

vi+e m q v+e v+e q m
- = —= - . -—) +
G gErt N sl +g et -3
k +e
+ (n-i) max g J (—%T-+ A~ k..
i+1<j<n 1 J

+
Consider the function g: IR -+ IR defined by

= Ste 9 -
) gix) = g (q—l + A - x).

Then for x = 'i%& + E%T + A the function g(x) is monotonically de-

creasing, hence



(5)

(iib)

k.+e 1 —%T-F)\—i—ig-i'e
max q’ Ir+r-k) o= dl ! )
i+1<j<n 4 J nd
L S tA-imte

The constant a, = EEE-. qq q > 0 does not depend on
the choice of kj+1""'kn' Furthermore, since qs-1 <m=< qs = n we
have

g -9 1Yy < 1.

g-1 (1 n) " g-1 (1 n q) n(g-1) !

Now we have

dgN - dng ;:(u-s)qv+e + qv+e(1 - 1) + na,.

n(g-1) 1

qu and n = qs we have y - s £ -1.

Since i ¢ {1,...,n=1} and i

Therefore we have

vte v+e

- - -—a
dgN dng 2 g + g (1 n(q-l)) + na, < 0

for B > 83. Using (i) we get for B sufficiently large

dgN - dgNB+1 < 0.

Now we consider the case that N is a term such that

k k k k.
qv < g 1+...+q n. qv+1 and g 1+..,+q 1= qv where
Yo L1 ur
i=gq +q +...49 - r with uo 2 Wy 2 i.. 2 ur 2 1 and

uo+...+ur < v. Then according to lemma 3.5 we have

oo k k k

e B+l “k, " "%k ) n

9 .9 n q q q
N = K D = - ) “3, %3, "

J, 70003 1 n

klz...anzo s S (31, .Jn)
kl kn

where

35



G{ = ,.. =k =V T Hg
1 H
0
g -1
k = L,.. = k =\ - -
Ho uy oy fo ™ M1
q q +q -2 .
J: :
= ... =k = V-HU, " e..—H
. Hg Wy Mo_q Uy M u. 0 r
q +g +...+g " T-r+l q +q +...+q —(r+l)
k Wy ” i N TEIE TR
q +q +...+q r—r
N
and therefore:
v-u.+te 1u
+1
dgN < qedgKB + qB dgDh - (v—uo)q 0 (g =-1) +
e oy SV s A e SO
Ho~H)a q . oo Hg=---—H )q q
I ) v—uo—...—ur+e .
L L
u V=i U V-l —H (3 At PR A * PRI
0
+{(@ -1g P+(q g ° 4.+ -1)g Thg © *}max dga. +
J
k k k k
e i+t n i+l n _
~-q (ki+1q +...+knq ) + (g +...+q )méx dgo, =
J
e B+1 V+e v
= q dgKB + g “dgbh - (v—uo)q + g max dgo, +
j
k
+

k
i+l e n e
q (m?x dgaj ki+1q ) + ... + q (m?x dga,—knq )

J
< qedgKB + q8+1

= e v+e vie, g
dgD - (v Hyla +q (q_1 + A +
e k.
(n-i)g max (—%T-+ A-k.)g 3,
it1<jsn 4 J
Since Nv # 0 we have
v+e vie g m
- < - - —
dgN dng < (uo s)q + q -1 (1 n) +
e k
+ (n-i)g max = (—i—

]
=+ A - k,)g ~.
i+1<jsn 71 J

Using (iia) we get



vte v+e
- - - + .
dgN dng < (uo s)q + g (1 n(q—l)) na,.
Since ul > u2 2 el 2 ur 2 1 we have
u u u H s

and therefore'u0 < s - 1. Hence we conclude for this N:

(6) dgN - dgNB+1 <0 for B sufficiently large.

Combining (5) and (6) we have proved (ii).

Now choose B > max(81,82,83) then for all terms N of Q we have

dgN < dgNB+1 if N # NB+1'
Since dgNB+1 < 0 we conclude I = 0 and Q = 0. But since
+e-n+ - -
ago = dgNg ;= a* ST [-pg reg T (B-1) " et (Bm 1) +

-1+ s+3R LB D, y]
qe n qg-l

we have Q # 0. Hence we have the desired contradiction which proves the

transcendency of n. [

3.7. THEOREM. Let n # 0 be a zero of the function

n+k
k t2

3 (t) = ZO (-1)

qn (n € ]N) ’
Fx Fnax

then n 18 transcendental over qu{x},

PROOF. We follow the proof of theorem 3.1. According to Corollary 2.9

- 29
dgn n + a1 + A

for some A ¢ W u {0}. o

Suppose n is algebraic and nq is separable. Let m be the degree of
e
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the mi;imalpolynomial P for o = nq . Let a, = Opllnrecesl be the conjugated

1
elements of o. There exists a unique s such that



38

Let

xqe(n+)\+2) qs—m

Q(t) := P(t)(t - )

then Q(t) is a polynomial over ]ﬁl{x} of degree N = qs, with roots ~
. = Ly = T (mae2)
mel - 0t T Iy T X

chosen later. Let D be a denominator for the coefficients of Q, then Dai

al,...,am; . The natural number B will be

is an algebraic integer. Denote by

Kg = FgFp 4 oeuFp oyo

Now
e - qk+n
k
0=a2 ()= J] (-n°-2~
n nte e
k=0 F Fq
k n+k
k k
and therefore k,+...+k 1 N
1 N )
(~1) o vaaO
_ B+n+l n+e e (il,...,iN) 1 N
0=0D K K

[¢2)
q q
B B+n vz Z——————~— n+e qn+e

We split this sum into two parts: I + Q = 0, where I denotes the sum over

the terms with v = s,...,B8. Then I is a polynomial.

-

k k
Let Nv be the term of Q with g 1+,..+q N o qv, hence
k1 E L., = kN = v - s. Then
1 n+te e V= N +n-—
N _ Dq6+ Kq Kq __l:ll__f__ (a ) o ) vrnTs
v B 8+n qn+e qe 1°°°"N

-

F
v=s n+v-s

and
(1) doN = gt lagp + **agr. + oSdgr.  +
9N, = "dgD + g "dgK, + q dgKg,
n+v+te m 2
-q [2(v=-s) - 5 . =1~ A 2].

Especiélly:
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+1- N-1 : N-2
agg,, = a* T 26 (2pemi g+ (282Gt
2
(2224 (B2 4 25 + 2L 2+ )]
e N W g-1
q
- - : 2
< PPN oo (Mg 1+...+q+1)+qN(§%D + 28 + % caTt 1.
g
Hence for B sufficiently large
- (2) dgNB+1 < 0.
Furthermore for B large enough and all v 2 B + 1 we have
n+vte n+vt+ite m 2
(3) dng+1 - dng < (g -q y[2 (v-8-1) N * o1 A1 < 0.
k k
+
If N is a term such that qv <q 1+..,.+q N < qv 1 and 1 = qu,
k k.
k1 = L., = ki = v - u and qv =q 1+...+q l, then using (1) we get
n+vte 1 m
- < - ST, - —
dgN - dgN_ < 2q {(u-s) + pr) (1 -+
k . +nt+e 5
+n max g =+ 2 -2k ).
i+1<i<N e J

This maximum is less that a constant which does not depend on v, hence for

B sufficiently large

(4) dgN - dng < 0.
, k k
If N is a term such that qv <q 1+...+q N < q\H-1 and
Yo W My
i=qg +q +...+tg - r with Moy z uy 2 ... 2 Mo 2 1 then (using lemma
3.5) we get
n+v+e 1 m
- < -s) +— (1 -2} +
(5) dgN - dgN 2q {(uo s) o ( N)}
k. +n+e 2
+n max g (—Jl-+ A-2k.) <0
o 1<a q-1 J
i+1<3<N

£

Hence if we choose B large enough then from (1),...,(5) we get

-0 < dgQ = d < 0, which gives a contradiction to I + 9 = 0 and

gNB+1
I e [x]. U
q
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‘REMARK. Theorem 3.7 is our result A2 of §1. A special case of result Al

was proved in theorem 3.1 and Al will be proved in the following theorem.

3.8. THEOREM. Suppose n # 0 is8 a zero of the function
t
f(t) = z c, —

with c € 1{1, € # 0 for infinitely many k. Then n is transcendental
over :qu{x} .

PROOF. The function f(t) can be written also in the form

f£(t) = Z c,

with

c e , ¢ #0 for § =0,1,... .

Let n # 0 be a zero of f, then from theorem 2.2 it follows that

V=1
dgn = v + (VK_VK;I)q
gn K v v ’
K k-1
a -9
where v'< > VK__1 are non-negative integers determined by the coefficients
: = e = = - > 0.
of f c, # 0, C, 4 c, 1 0, c, # 0. Remark that dgn 0
k-1 k=1 K o K

Suppose n is algebraic, then o = nq is separable with minimal-

polynomial P(t) of degree m. Let s be determined by qs_.1 <m < qs and
define X =: [dgnl], where [dgn] denotes the entier of the positive number
dgn. Let

Aen—m
Q(t) = P(t) (£t - x" T )

= g5 - . - - |
where n = q . Then Q(t) has the roots a1 = a,az,g..,am, am+1 = ... —_an = x
A e
Define D and KB as in the proof of theorem 3.1. Then £~ (n) = 0 and therefore
. e B+l n ® ¢ k
0=K;'{Dq n(z—-k;ag)=
i=1 k=0 |



41

C, s k

e B+l w k, “k 1
-xdp? ) B R
8 e e . . i i

v=s k,2...2k_20 q g (i, s...,i ) 71

1 n F* ,..F 1 n
k k k k
n_ v+l 1 n

qVSq 1+...+q <q

which sum is split into two parts I + Q = 0, where I is the sum over the
terms with v = s,s+1,...,8. Then I ¢ Eé[x] which means either dgI >0
or I = 0. Every term of Q has the form

e B+1 ckl'”ck k1 kn
x2p? —3 ) ol ...of
8 e e . . i
q q (i,7es0,1i) 1 n
F~ ...F 1 n
k k
1 n
with
v k1 k vl
k, 2 ...2k 20,9 Sq #oautg P gV, v 2B+ 1.
kl kn v :
Let Nv denote the term of Q where q +...+g ~ =g (v=B+1). We shall prove:
(i) If B is chosen sufficiently large and such that cB—s # 0 then
dgNB+1 < 0 and NB+1 # 0. Furthermore if Nv # 0 then for B sufficiently
large
dgl\l\)+j - dng <0 for j = 1,2,...
Hence for all v > B8 + 1 we have
dng < dgNB+1.
v kl k v+1
(ii) ITf N is a termof Qwith g < g "+...4+g n o q (v2p+1) and Nv # 0,

then if B8 is chosen large enough we have
dgN - dng < 0.

Hence for all terms N of Q, N # NB+1 we have

dgN < dgNB+1,

which means

&

dgQ = dgNB+1 < 0.
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Then it follows that
I=0andQ=0.

On the other hand since N # 0 and dgQ = dgN

B+1 we have Q # 0.

B+1
Contradiction!

Proof of (i): The only possible solution for kl""'kn in Nv is

k, = ... =k _=v - s and
1 n
e B+1 cv—s n qv—s
N = Kq Dq (0, ccat ) .
v B e 1 n
Fq
v-s

Hence if c # 0O we have N # 0 and
V=5 v

B+1

+ —
dng = qedgK8 +q dgbh - nqe(v—s)qv S +

+ qe(mqedgn + (n—m)qefdgn]) ' (%)

For v = 8 + 1 and Coi1-g # 0 we get:

<

dgNB+1 <

6+e—n+1[8(c1n—1+...+q+1) + g (-B-1+s +

dgD  m n-m
. + o dgn +—;—-[dgn])]

which is < 0 for all B > Bl for which cB+1-s # 0. Analogously for j = 1 and

g # 0, c s # 0 we find

v+j

dng+j - dng < 0,

which proves (i).

v k1 . +1 v kq ks
Proof of (ii): Nowq < q +...+q n . qv and therefore q =g +...+q
for a certain i, 1 £ i < n. We distinguish the two cases
(a) i = qu and k1 = ... = ki =v - U
Yo, M1 e .
i = - i 2 ow ot < .
(b) i=qg +qg +...+q r with gy 2 .. 2 n_ 2 1 and u0+ Mo SV
(iia) Now
e B+1,c i © ceeCp v-u i+l kn
N = g% pd ( _u> i+l Z z (0, ... )4 a? Y S
B qe qe a (F,eee-43_) I i i+l n
F F oo ok 1 n
v-u k. k
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which gives

+ +
B 1ng - qv e(v—u) -k, .,q -...-k g +

e
dgN < g dgKB + q i+l n

e v k; k
+ q dgn{g +gq Foaotqg ).

Suppose Nv # 0, then from (*) it follows that

’ + +
dgN - dgN < (u-s)q" © + q  c(dgn-LdgnD) (1 - %) +

k.+te ;
+ (n-i) max q J (dgn - k.).
i+1<j<n J

Since max qx+e(—x + dgn) does not depend on the choice of k, ,,...,k
>0 i+l n
we conclude dgN -~ dng < 0 for B large enough and Nv # 0.

(iib) Now
e g+l ckl...ckn k1 kn
N = K% pd ¥ — ¥ a? ...a? ,
S o . .
kl_..._knzo Fq ..qu (Jll"'ljn) 1 n
k k
1 n
where
.
k1 = L.. = Kk u, =V o=l
qg -1
k = ,,. =Kk =V - -
u y M Yo T M
0 0 1
q g +q -2
k = L., = Kk =y - - o™
uO 1‘lr--l uO ur UO Pl ur
g +...tq ~-r+l qg +.e..tq ~(r+l1)
k u u
q H...tq T-r TV T Hg T Ty
\
and therefore
e B+1 vte vte
dgN < q dgK, + g "dgD - (v-uy)a +q  dgn +

k. +e
+ (n~i) max q J {dgn - k.).
i+1<j<n J
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Suppose NV # 0 then

+
®+qC@gn-lagnh (1 - +
k,+e
+ (n-i) max g J (dgn - k.,) < 0O
i+1<jsn J

v+
- < —
dgN dng < (uo s)g

if B is large enough.

From (i) and (iij it follows that if N # NB+1 then
dgN - dgNB+1 < 0.

We have proved now the contradiction I = Q = 0 and dgQ = dgNB+1(NB+1#O),

and therefore our assumption "n is algebraic" is false. []

4. THE TRANSCENDENCY OF {(a) FOR ALGEBRAIC o # O
The function f: & + & given by the power series
© >
£(t) = ) at"

with a, € ®, which converges for all t with dgt < R is called Ilinear if

£(t+u) = £(t) + £(u)
f(ct) = cf(t),

for all t,u ¢ ® with dgt < R, dgu < R and all ¢ ¢ ]ﬂq.
For linear functions we define for all t for which the involving series

converge the operators A" (r=1,2,...) by

Af(t) = £(xt) - xf(t)
Aee) = A" ety - 3T AT len), r s 2.
For purpose of notation: Af(t) = f(t).
A power series f: ® -+ & is called entire if f converges for all t e &.
For entire linear functions f we have an "expansion formula" (see

L. CARLITZ [11), namely:
for every M eiE&[xJ we have
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dgM v,
£ME) = ) —F— A £(¥),

v=0 v

where Fv is defined in def. 1.1 and

wv(t) = i (t - B).
dgE<v
EeTF [x]
q

4.1. LEMMA. Let K be a separable finite algebraic extension of-Eéfx} of

“degree h. Let r,s € N with 0 < r < s. Then the system of linear equations
.Z o, X, =0 (k=1,...,1),
i=1

where a,, are algebraic integers in X and

a = max(dga. ,,0)

k,i =
has a non—trivial solution {Xi}§=1 with Xi € ]Fq[x], such that
cs+ar o
ngi < ot (i=1,...,8),

where c 18 a positive constant only depending on the field K.
PROOF. See [5], lemma 1. [J
4.2. LEMMA. Let

Y () == m (t - E)
H E
dgE<u

where E ¢ Eéﬁx], Then

Y (B)
-1
L=
u

dg

for all A ¢ ]ﬁq[x] with dgA < m and all u € {0,1,...,m-1}.

PROOF. We may suppose that dgA = u, then

‘ v (3)
dg == ] dg(a-E) - uq" = (dga-w)q".
u dgE<u
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+
Consider the function f£f: IR + IR defined by

f(y) = (dga-y) qy.

Then
£f'(y) = 0 for = dgA - L
Y =1 Y g lnq b
Hence
1
dgA - ——
1 Ing
< — 2 0.
fly) < Tng q for ally 2 0
For q 2 3 we have
£(y) < oAl for all y 2 O.
Hence
dgA-1 m-1
(@ga-wq" < g% <q" 7, we {0,1,...,m1}.
For g = 2 we have 1n2 > %—and therefore
- - -1
fly) < 2.ngA 2 = ngA 1 < 2m for all u.

Hence for all p < dgA we have

P (B)
m-1
dg ; <qg .
u

For u > dgA we have wu(A) =0. [

4.3. THEOREM. Let o ¢ &, o # 0 and a-1£ ¢ IFq{x}, Then V(o) s transcen-—
dental over nil{x}.

REMARK. From this theorem it follows that Y (o) is transcendental for al-
gebraic o # 0, which was already proved by L.I. WADE [8]. Now we give a
different proof, which is a refinement of the methods used in [9], [4] and

[51.

PROOF. Let o € @, o # 0 and o g ¢ E‘{x} We may suppose that dga > E%T ;

for lf dga < —g—-then there exists E e E‘[x] such that dg(Ea) > agT-and

(Ea) E é E‘{x}, hence if we have proved the theorem for a with dgo > ~g~

then Y (Ea) 1s transcendental. Using the expansionformula we get
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dgE Y (E) m
Y(E = ) - ; 2 ()
u=0 u

and from the assumption Y(o) algebraic we conclude ¥ (Ea) algebraic. Hence

from now on dgo > . . .
g-1 e

Suppose (o) is algebralc. Then there exists an e ¢ IN such that wq (a)
is separable. Let K = E‘{x}(wq (a)) and h = [K: Eé{x}]. Define
d*t = max(dgt,O). Deflne the function

—1q -1 * 4 iqS
L(t) := Z ] %, £)7 v (at),
i=0 j=0

where k and 1 are positive integers which will be chosen later and the
polynomials,xij € Eé[x] are to be defined by the following system of at

1
most g equations in the qk+ variables Xij:
L(aA) =0 for A e'Eé[x], dgA < m.

The coefficients of Xij in these equations are algebraic in K, since

qk_l q 1,4 e s (@ Y (A) u iqe
0=1LA) = ) Z %,,(a a)’ { Yy (-n¥ —~— v (a)} .
i=0 u=0 u

e
In fact the coefficients of Xij are polynomials in wq () of degree < qk+m
e

with coefficients in Eé{x}. Let T ¢ F {x} be such that 'v? (a) is an

+ k+m
algebraic integer of K. Let ¢, = dgl'. Then ng qu L(a) = 0,

1

A ¢ ﬂﬂq[x], dgA < m is a system of at most qm linear equations in the Xij
with algebraic integers as coefficients; we write this system in the form

qk-l ql-l

D, X, .
i=0 j=o0 I

Hence
+ —
ngij < qk+e.mqm + clqk+m + qlm + qk e_qm 1 + qk+m+emax(0,dgwu(a))
< (m+c2)qk+m+e + mql,

1
where c, is a positive real constant. Now put k < Eil and m = k+1-1, then

21+e
. D,. < (2m+
dg i (2m c3)q

with c3 > 0. We use lemma 4.1 with r = qm, s = qk+l, a = max d*Dij, then
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we conclude that there exist

. k . 1
Xij € E&[x], i=0,.0.09-1; 3J=0,...,9 -1,

not all zero, such that

cqk+l + (2mtc )q21+e.qm
(1) dgx, . < 3 = (2mtc,)qotte
i3 k+1  m 4 ’
\ q -q
> 0.
~ where c, 0
Define
B(u) := {a + auliBlng < dgA < u; A,B € Eéfx] not both zero},
where k
1
a__,a-
= 1im X=X
ke T

and therefore P(BE) = 0 for all B ¢ lli‘q[x]° Hence for all t ¢ B(u) we have:

L(t) = L(A + anlgs) =

qk-l ql—l

. . e
= Z Z X..(d*(A+a—1EB))J ¢lq (oA + BE)
i=0 j=0 *J
kK, 1
qg-1qg-1 _ A
=7 Y x (@ @+ tem I 1Y o).
i=0 j=0 *

! and dg§ = —g—-we have

Since dgo > a-1 pom

dg(A+a_1€B) = max(dgA,dga_lgB) = dgA,
hence
qk—l ql-l

(2) L(a+a  £B) = D)

. . e
(aa)? v (an).
i=0 j=o0 *J

Xi
0
This means for all t € B(m) we have (since dgA < m):

(3) ‘ L(t) = L(A+a'lgB) = L(A) = 0.

The number of polynomials B with dgB < dgA and dgA = v is qv. Since
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a‘lg ¢ Eé{x} we have

A, + a'lgBl =A

1 + a_lgB2 <> A =A,  and B, = B

2 1 2 1 27

-1
Hence the number of different elements A + o &B with dgB < dgA and dgA = v
+1 -
is qv(qv -q”), and therefore the number of elements of B(y) is

CANCUMRE vy

°

v=0

If we denote the number of elements of B(u) by NB(u), then for u > 1 we have

(4) a2 < g < 2L

Now let u 2 m. Define
(5) n:=u-k+1

then n 2 1 and n 2 2k.
Suppose L(t) = 0 for all t € B(u). Let D e:Fq[x], dgDh = u, then
D € B(u+l). The function

L(V
m (t-A-a'lgB)

B(w)

is an entire function, hence according to the maximum-modulus-principle

(see [3]) we have

L (D) L(t)

=1 <  max dg( 1 \ .
M (D-A-a £B) dgt=2u M (t-A-a £B)/
B(u) , B(u)

dg

-1
Since y = dgD > max(dgA,dga £B) we have

dg NI (D—A—-a—l«EB) = u.NB(w)
B{w)
and
dg T (t-A—a-IEB) = 2u NB(u).
B(u)
* dgt=2u

Hence using (4) we have
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2u-2

dgL(D) < max dgL{t) -~ uNBiu) < max dgL(t) - uqg .
dgt=2u dgt=2u
From the definition of L(t) we get by using (1) and (5):
1 k+e
(6) max dgL(t) < max dgxi. + 2uq” + g max (dgy(at),0)
dgt=2y i.3 J dgt=2u
< (2m+c4)q21+e + 2uql + c5qk+e+2u
+ —
< 4uq2n e + C6q2n+e+3k 2'
Hence
2n+ 3k-2 2k=-3-
dgL(D) < q“ " (4p + cga - uq $.
k+e ut+k+e
L(D) is algebraic and FE rd L(D) is an algebraic integer, hence
k+e u+k+e
(N(FE rd L) e ¥ _[x],

where N(8) = Bl""'Bh where 81,...,Bh are the conjugated elements of B8 in

K if B is algebraic in K. Therefore

kte  utkte k+e+u utk+e
+c,q

dg(N(Fg rd L(D)) = hlug . +dgL(D) ] =

+dgL(D) ] < hq2n+e[u(5_q2k—3—e)+c7q3k—2].

2n+ 2n+
< hlug“" e+c1q nre

Now first choose k > k0 such that

5 _ q2k~-3—e <0

and then 1 > l0 such that
l(5_c12k--3—e) + C7q3k--2 <0
then we must conclude
L(D) = O.

According to (2) we now have for all t e B(u+1):

(7) L(D+a'1gs) = L(D) = 0.
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Combining (3) and (7) we have
L(t) = 0 for all t € B(u), u=1,2,... .

We already have remarked that all these zeros of L(t) are different.
Now k and 1 are fixed under the above conditions. Since L is entire

and not a polynomial we have (see [5]):

L(t) =yt T (1_5um)rr (1_QUM)

neB(v) n néB(v) n
n#0
n zero of L

with Yo € ¢, where u{{n) = multiplicity of the zero n and u(n) =2 1. Further-

more
t
max dg T (1-- =20
dgt=2v  n¢B(v) "
n# 0
n zero of L(t)
and M (Ata ‘gB-t)
noa-5- Bv) — .
neB(v) M (A+a “E&B)
B(v)
From these formulae we get:
: -1
max dgL(t) 2 dgy, + 2v + 2vNB(v) - ) dg(A+a EB)
dgt=2v B(v)
2v~2
2 dgyo + 2v + 2vNB{(v) - vNB(v) 2 cg t+ 2v + vg
where g is a constant only depending on L(t). On the other hand from (6)
we have
max dgL(t) < (2m+c4)q21+e + csqk+e+2v + 2Vql,

dgt=2v

where m, k and 1 are now fixed constants. Hence both inequalities for

max dgL(t) are contradictory for v large enough, which proves our
dgt=2v
theorem. [J

4.4. LEﬂMA,.Lf a_lg € mﬁq{x} then y(a) s algebraic over ]Fq{x}°
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PROOF. If o %; € ]F {x} then a = E— .£ with E,F ¢ ]Fq[xJ and (E,F) = 1.

[(E,F) = 1 means: E and F have no common factor.] If f‘- € Jqux] then
-1

P(a) = 0 (Cor. 2.9). Let Fé JFq[x]. Consider @, = EF ~. Then

dgF P (F) u
f R AN CRE

= w(F.al) =
u=0 u

hence w(al) is a zero of an algebraic equation with coefficients in IF'q{x}

and therefore w(al) is algebraic. Now

dgE ¥ (E)
V(o) = Y(Ba,) = f -of E— 3T (@

is a rational combination of algebraic elements; hence y(a) is algebraic

over F {x}. [
q

Now we have proved the following theorem.

4.5. THEOREM. If' a e @, o# 0 then Y(a) 28 transcendental over T {x} if
and only if o E € ]F{x}

4.6. COROLLARY. If o € ®, a # 0 and o <s algebraic, then y(a) is transcen—
dental over :IFq{x}.

PROOF. Since £ is transcendental over ]Fq{x} (theorem 3.1) u_lt’;’ is trans-
cendental over IFq{x} and therefore a_li ¢ ]Fq{x}, hence y¥(a) is transcen-

dental over JFq{x}. 0

J
@ q

4.7. COROLLARY. Let A(t): Z ~— be defined for {t ¢ ¢ | dgt < &———}
=0 j

If a € &, o # 0, dga < E%T and o is algebraie, then A(a) Zs transcendental
over T {x}.
g9

PROOF. Since A is the inverse function of § (see CARLITZ [1]) we have

P(A(a)) = a.
Since o # 0 and since ) has no zeros for dgt < E%T-we have A(a) # O.

Suppose A(a) is algebraic, then according to cor. 4.6 Y(A(a)) is transcen-

dental over ]Fq{x}. This contradicts our assumption that a is algebraic. [J

&

4.8. THEOREM. Suppose o € ¢, o # 0 and a is algebraic over JFq{x}. Define
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£(t) :=

| ~1 8
o]

where cj € IFq and 3Ac € ]Fq, c # 0 such that c,

j+1 = c.cj, 3=0,1,2,... .

Then f(a) 18 transcendental over IE'q{x}.

e
PROOF. Suppose f(a) is algebraic and let £2 (a) be separable. Let o
—_— e

r E:F§EXJ be such that Tf? (a) is an algebraic integer. K==1Fq{x}(fq (o))
and [K: E&{x}] = h. As in theorem 4.3 we define

qk-l ql—l e
L) = ] ] x.@0l £ e,
i=0 j=0 *J

where k and 1 ¢ NN, k<%l will be chosen later and Xij € Jqux] are de-

fined by the following system of equations
L{A) =0 for A ¢ Eé[x], dgA < m,

where m = k + 1 - 1. By the same arguments as used in theorem 4.3 we find:

the xij are not all zero and

21+e

<
dgxij (2m + ¢,)qg

4

where c, is a positive real constant which does not depend on m, 1 and k.

There exists a minimal m, € ™ u {0} such that

1
ngL>'c'I:T~mO

%
Now we want k and 1 to be such that m > mo.

Define
A + a_ls ] A ¢ TF [x], B a zeroc of £(t), A and B not
B(u) = { 1 }

1
both zero; dga < u, dgB < dgA + -

g-1 0"

For all t € B(u) we have

qk—l ql-l e
L(t) = L(ata B) = § ) xi.(a*(A+a"1e)>3 £9 (antg) =

i=0 j=0 *J
k 1

qg-1qg-1 _ . . e

=7 ) x.@@arelend £9 a).
& i= j: 1]

Since dgB < dgA + E%T-— m, we have d*(A+u~18) = dgA. Therefore for all
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t € B(u) we have:

k 1
qg-1qg-1 x5 iqS
L(t) = Yo @ £ (oa).
i=0 j=0 H
Hence
L(t) = 0, Vt ¢ B(m).
According to cor. 2.9 the number of zeros B of £(t) with dgB = &%T-+ k is
,qk - qk_l, k =1,2,... ; hence the number of zeros B of f(t) with
V-1
dgB < dgA + E%T-- mo with dgA = v 2 m0 is g + The number of polynomials
A with dgA = v is qv+1 - qv. Since f(t) is linear all zeros of £(t) are
different, for if £(B) = 0 and dgB = E%I-+ k, then cB + 61 where f(Bl) =0
and ng1 < E%T-+ k and ¢ € ]ﬂq, c # 0 is also a zero of £ and

dg(cB+61) = E%T-+ k. Since ¢ # 0 and 611# 0 we have cf + 61 # B. The number
of diffefent Zeros ﬁB + B1 with dgB = E:T-+ k, ¢ € Iil, c # 0 and
ng1 < E:T-+ kisq -¢g . Hence all zeros of f(t) are different.

Since a is algebraic and according to theorem 3.1 a zero B # 0 of f(t)
is transcendental, we have a_IB is transcendental for every zero 8 # 0 of

f(t). Suppose

-1 -1
A1 + o B1 = A2 + o 62,

then
A, - A =a T(8.-8,)
1 2 T ¢ 27"’ -

Since 82 - Bl is a zero of f(t) it follows that a~1(62_51) is transcenden-
tal unless Bl TIBZ. Hence A1 = A2 and 61 = 82. This means that all
elements A + o B of B(u) are different. Therefore the number of elements
of B(u) is

2u-m m +1

u-1 v=-m m 0 0
4
O(q\)l \))+q0_1___q +g - 1.
=m g+l
0

If we denote the number of elements of B(u) by NB(u) then for u > m, we
have

2u-m_-2

2u-1
q < MBw) < g M7t

Now we proceed in the same way as in theorem 4.3, which leads to the choice
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2k=-3-m_-e
of k such that g > 5 and then 1 such that

2k—3—m0—3 3x-2
1(5~q ) + c.q < 0 where c, is the same constant as in theorem

4.3. With this choice of k and 1 we conclude that L(t) = 0 for all
t e B(U)l w=1,2,... .
This gives us a productrepresentation for L(t) from which it follows

that

2v-m_~2

max dgL(t) = c, + 2v + vq '

dgt=2v 8
and on the other hand from the definition of L(t) we get

21+ k+e+ 1
max dgL(t) < (2m+c4)q Lte + e e+2v + 2vg,
dgt=2v

which gives for v large enough the desired contradiction. Hence our assump-

tion that f(a) is algebraic is false. {J

REMARK. In the proof of theorem 4.8 we use the expansionformula for f£(t)

to determine the Xij’ namely since cj+1 = c.cj we get
dgA ¥ (A) dga ¢ (A) H
£(an) = Cf A Alg(a) = Cf £ M ()
F F
u=0 u u=0 u

from which it follows that the system of linear equations
L(a) = 0, A e E&[x], dgA < m

in the Xij has algebraic coefficients. Hence it does not seem possible to
generalize theorem 4.8 to all functions of the form
g(t) = Z C, = ,c, € F , c, # 0 for infinitely many j,
=0 I Fj J d J
without a different method.
L.I. WADE proved in [8] that for E € ]ﬁq[x], g(E) is transcendental
over:Fq{x} as a consequence of his theorem 3.2:
"If BO'B1'°°° satisfy the conditions

(i) B, e F [x]
g

k
(ii) Bi # 0 for infinitely many k
(iii) ngk ;(q—l)(k--l)qk_1 - bqu for all sufficiently large k, where

bk—>ooask+oo
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then z:=0 Ei-is transcendental overin{x}".

In a forthcoming paper we shall discuss a more general result of this

type.

5. TRANSCENDENCE PROPERTIES OF BESSELFUNCTIONS IN ALGEBRAIC NONZERO'POINTS

In [2] L. CARLITZ introduced the following function:

o n+r
r t
J ()= ) (1) —— ,ne2z,
n =0 qn
Fn+rFr
-1
where (F_n) := 0 for n = 1,2,... . For these functions, which we shall

call the Carlitz-Bessel-functions, he proved among other things the follow-

ing relations for all n ¢ &:
n q—n
I_p(8) = (-D7H{I_(6)}

ArJn(t) Jq L8, r=0,1,2,...

n
) - (3 - q =
Inep (B) = (x7 -x)3(x) + Jo_q(t) = 0.

Using these relations we proved in [4], lemma 3.1 the following lemma:

5.1. LEMMA. Jon (B) and J L (B) are linear polynomials in I (€) and A3, (t)

2n+

of degree q wzth coef}%ctents in E‘[x] of degree < q2n respectzvely

< q2n+1.

5.2. LEMMA. Let n € N u {0}, then J_(t) has a zero of order q" in t = 0

Tkt
and has q - q dszérent zeros B wzth dgB = n + 2k + af%u Each of these

zeros B has order q .

PROOF. According to cor. 2.9 I (t) has a zero of order q in t = 0 and has

+k+1 +
qn - qn k zeros B with

dgB = n + 2(k+1) +&%1_ , k=0,1,...

and Jn(t) does not have any other zeros.
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Let B be a zero of Jn(t) with dgB = n + 2(k+1) + E%T-then the elements
* *
cB + B with ¢ € Bﬁq, c # 0 and B* a zero of Jn(t) with dgB < dgB are all
different. If k¥ = 0 the number of different elements cB + B* is g-1. From

this it follows inductively for arbitrary k > O that the number of differ-

ent elements cf + B* is qk+1 - qk. Hence the number of different zeros B
+
with dgB = n + 2(k+1) + EZT is qk 1 qk.
- -n

Since J_n(t) = (—l)n{Jn(t)}q it follows that if B is a zero of Jn(t)
then J_n(B) = (0. Hence

n
J(t) = (-DMT (119
n -n

and therefore B is a zero of Jn(t) with multiplicity 2 qn. Since the total
‘ 2 +
number of zeros B with dgB = n + 2k + Ef%-is qn+k+1 - qn k the zero B has

multiplicity exactly qn. 0

5.3. THEOREM. If a ¢ ¢, o # 0 and a algebraic over ]Fq{x} then J_(a) and
A3 (o) cannot be both algebraic over ]Fé{x}. ’

PROOF. It is sufficient to consider only the case n 2 0; for if n < 0 then

from the assumption Jn(a) and AJn(a) are both algebraic it follows that

since
-n
I (o) = (-1)™Ma @1 ,
-n n

J_n(a) is algebraic and since

AT (o) J {xa) - xI (o) =
-n -n -n

n st 8} n -1 ) -
(-1) {AJn<a)}q + (-1 -x){Jn(a)}q ,

it

also AJ_n(a) is algebraic. Hence we suppose from now on n = 0.
Suppose Jn(a) agd AJn(a) are both algebraic. Then Je € N such that
Jg (o) and (AJn(u))q are separable and they generate a normal algebraic

extension K of I _{x} of degree h. o

q

e
Let T simé{x} be such that FJn (o) and I‘(AJn(oc))q are algebraic

integers in K. Define

kK, 1
: qg-1g-1 % G iqS
L(t) == ) ) x (@67 3 (),
s = . ij n
i=0 3Jj=o

where k and 1 ¢ IN are to be chosen later such that k < %~and the X,. are
i
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to be determined by the following system of equations

L(A) =0 for A ein[x], dgA < m,

wherem := k + 1 - 1. This means

qéTl q}rl

X
i=0 4=0

dgA ¢ (A) iq®
AT (a)) = 0, dgA < m.

* . J u
;@ ( L =%

u=0 u

- Using the relations for Jn(t) this system can be written as

-1 gt-1 w3 (0GB b (B)  _u \iqe
y %,,(d a)d ( % = g_u(a)/ =0, dgA < m,
i=0 j=0 u=0 U
or
. e
q k.1 q ) . ¢, D w (a) n dga Y (A) , ig
X, (d*A)J 34 () + P A @) - 0, dgA < m.
- F ]
i=0 j= w=0  Fy u=n+1 u

It now follows from this and lemma 5.1 that the coefficients of Xl in this
e

system of equations are polynomials in Jq (0) and (AJ N of degree

0
(2141
<£q (g -1) with coefficients in Eé{x}. Hence if m > 2n and since
=k + 1 -1 using lemma 5.1 we have:
k+e 21 qk~1 ql—l
Faor? L@ =] ] p.x, =0, dga <m,

i=0 j=0 I

is a system of at most qm linear equations in the Xij with algebraic inte-

gers as coefficients, where

[m+n]
agp. . 5_mqk+m+e + e q21 . qk+e(qm—1 + qp—n +c.q )
ij = 0 1
with ¢y = dgl’ and cy = max(ngo(a),dgAJo(a),O), hence
21+e
<
ngij < q (2m + c2)

where c§ > 0. Using lemma 4.1 we conclude that there exist

. k . 1
Xij € Eé[x], i=0,1,...,g~-1; 3 =0,1,...,9 -1,
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not all zero such that

21+
cq#+l+(2m+c )gq 1 e.qm
< .2 = (2mtc.) 21+e
dgX;4 = k+1 m 3’4 ’
q -q
with c3 > 0.
Let m. € N u {0} be minimal such that

0

dgo > n + 2__ m
g g-1 0°

We later choose k such that k > mo. Define

A + a_18 l A e TF [x], B a zero of J_(t), A and B not
B(u) := { d n | }.

both 0; dgA < u, dgB < dgA + n + 5%“" m,

For all t € R{u) we have
qk_1 ql—l

L(t) = Lia+a 8) = § ) x,.(a"(a+a lend g
i=0 j=0 *J

. e
iq

0 (aA+B) .

Now we have
JO(aA+B) = JO(aA)
and since

-1 2
dgo B < -dga + dgA + n + &:T'_ m,

< dga,
a*a+ra"lg) = a¥ @),

hence
L(A+a_18) = L(A)

which gives

L(t) =0 for t € B(m).

According to lemma 5.2 J,(t) has a zero of order qn in t = 0 and

k+1 k
Jnﬁﬂ has gq - q different zeros B with

dgB = n + 2(k+1) + E%T

each of-order qn, k=1,2,... . Since a # 0 is algebraic and the zeros
B # 0 of Jn(t) are transcendental (th. 3.7), the number of different ele-

ments A + a-ls of B(u) with dgA = v 2 m, is
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Vv-m

0, vkl v
q (g

-q ).
Therefore the total number of elements of B(u) is

p—-1 v
NB(uw)

-m m
0, vl v 0
) a (@ -q) +qg -1
v=m,
which gives for yu = m:
2u-2 2u-1
a"7% < NB(w) < g“PTN.
Define n := u - k + 1 and suppose L(t) = 0 for t ¢ B(u). The function
L(t/n (t-a-a”'B)
B(u)

have

is an entire function and according to the maximum modulus principle we

dgL(D) < ) dg(DwA—a-IB) +

( L(t)
max dg\ )
B(u) dgt=2u T (t-A-a ~B8)
B(w)
< max dgL(t) - ulNB(u).
dgt=2u
Furthermore
max dgL(t) < max ngi + 2uq” + g *€  hax (ngn(at),O)ﬂ
dgt=2u i,5 dgt=2u
Since
qn+r
_ _4, ¥ (ot)
J_(ot) = rz (-1) e
Fn+rFr
we have
max ngn(at) £ max qn+r(dgu+2u—n—2r) <
dgt=2u r>0
m
n+u-[ 50] 9
Z4q
where cq

u+n
4 ey =
(1 q-—1) c,q
> 0 only depends on o. Hence
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+e 1 k+etu+n _ q211—2

dgL{D) ;(2m+c3)q2l + 2uq + c4q

2n+
g-"e ).

2k-1+n 2k-3-e
~Hgq

A

(4u+c5q

Since L(D) is algebraic it follows from the definition of L and lemma 5.1
that
k+e 2n

Fi 1?7 (D)
H
is an algebraic integer G, and

k+e+u 2n. 2n+e 2k—1+n_ 2k~3~e

N(G) < hlq wte q +q (4u+csq g )1
2n+ 2k=3- 2k-1+
< hgq n e[u(S—q k e)+06q 7
: 2k-3-e
with g > 0. Now choose k such that 5 - g < 0 and k > m, and then 1
-3~ 2k~-1+
such that 1(5-q2k 3 e) + ¢ g k-14n < 0 then L(D) = 0.

6 v
Now the integers k, 1 and m are fixed. We have L(t) = 0 for all

t e B{w), u 2m.

Since L(t) is an entire function we have

n
L(t) =yotq O 10, V. NS

neB(v) n ndR(v)
n#0

14

n zero of L(t)

with Yo € &, where p{n) = 1 is the multiplicity of the zero n of L(t).
Let v, be the minimum of the degrees of the zeros # 0 of L(t), then

0
max 1) (1 - E)“(n) >  max m (1 - EQU(H) = 0.
dgt=2v ndB(v) n vy nd B(v) n
n#0 dgt=—2- n#0
Therefore
max dgL(t) = dgy, + 2vq" + 2vNB(V) - ] ag (A+a 1g)
dgt=2v B(v)
n n 2v=-2
2 dgy, + 2vq + VNB(v) 2 c, +2vq + vgq .
On the other hand
. max dgL(t) < (2m+c3)q21+e + 2vq1 + c4qk+e+n+\)

dgt=2v

and both inequalities are contradictory for v sufficiently large. Hence at

least one of the elements Jn(a), AJn(u) is transcendental over F {x}. [
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